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Novel Families of Fractional Quantum Hall States: 
Pairing of Composite Fermions 
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Fractional quantum Hall (FQH) states have recently been observed at unexpected values of the 
filling factor v. Here we interpret these states as a novel family of FQH states involving pairing 
correlations rather than Laughlin correlations among the quasiparticles (QP's). The correlations 
depend upon the behavior of the QP-QP pseudopotential Vqp(L'), the interaction energy of a pair 
as a function of the pair angular momentum L' . This behavior, known from numerical studies 
of small systems, is used to demonstrate that pairing correlations give rise to FQH states at the 
experimentally observed values of v. 
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Recently Pan et al. [J observed fractional quantum 
Hall minima in p^x at unexpected values of the Lan- 
dau level filling factor v outside the Jain sequence of 
states with v = n{2pn ± 1)^^, where n and p arepos- 
itive integers. The composite Fermion hierarchy '5,'3], in 
which the reapplication of the Chern-Simons (CS) mean 
field approximation attaches additional flux quanta to 
the quasiparticles (QP's) in a partially filled composite 
Fermion (CF) shell, has been suggested J^^] as a possible 
explanation of some of these states. However, the form of 
the residual interactions between QP's some- 

times precludes Laughlin correlations and the realization 
of certain daughter states of the CF hierarchy 0, lioj . 
Among these states are the v = A/ll and 4/13 daugh- 
ter states observed experimentally which correspond 
to quasielectron (QE) and quasihole (QH) filling factors 
i^QE = 1/3 and vqr — 1/5, respectively. In addition, 
the observed even denominator fractional fillings cannot 
arise within the CF hierarchy. Here, we show that instead 
of having Laughlin correlations, the QP's form pairs, and 
that these pair excitations cause the novel incompressible 
daughter states at the unexpected values of v observed 
experimentally. 

By Laughlin correlations [l3| among interacting 
Fermions confined to a spherical surface we mean that 
pair states with the largest values of the pair angular 
momentum L' (or smallest values of the relative angular 
momentum TZ — 21 — L' , where I is the single Fermion an- 
gular momentum) are maximally avoided. Laughlin cor- 
relations occur if and on77 if the pseudopotential V{L') is 
"superharmonic," that is, rises with increasing L' faster 
than L'{L' -|- 1) as the avoided value of L' is approached 
H 011 [13. Here 1/(L') is the interaction energy of a 
pair of Fermions as a function of L' . The pseudopoten- 
tial for electrons in the lowest Landau level (n = 0) is 
superharmonic at all values of L' . However, for the first 
excited Landau level (n = 1) it is not superharmonic at 
the largest value of L' , namely L' = 21 — 1. This is known 



to result in pairing of the electrons 0, at filling fac- 
tors ly = 7/3, 5/2, and 8/3. 

For QP's of the Laughlin v = 1/3 state, Vqp(L') has 
been obtained from exact numerical diagonalization stud- 
ies of small systems H, IS S ^ (with particle number 
N < 12). This is illustrated for QE's in Fig. [TJi. When 
plotted as a function of N~^, Vqe(7?.) converges to a 
rather well defined limit as shown in Fig. ^ for 7?, = 1, 
3, and 5. The results are quite accurate up to an overall 
constant (which does not affect the correlations). Be- 
cause the short-range interactions (i.e., at small values 
of TZ or small QE separation) determine the nature of 
the ground state, numerical results for small systems de- 
scribe the essential correlations quite well for systems of 
any size. Furthermore, the subharmonic character of Vqp 
at certain values oi TZ {TZ = 1 for QE's and 7^ = 3 for 
QH's) makes it impossible for i^qe = 1/3 and vqu = 1/5 
to lead to incompressible daughter states of the CF hi- 
erarchy. By this we mean that for a spin polarized state 
in which QP's of the Laughlin = 1/3 state yield fill- 
ing factors vqe — 1/3 (or j/qh = 1/5), Laughlin cor- 
relations among the QP's, giving rise to incompressible 
daughter states at = 4/11 (or ly = 4/13), cannot occur 

illill^ 

How then can we understand the novel states observed 
ai V — 5/13, 3/8, 4/11, etc.? To illustrate, we use the 
case of QE's (the application to QH's is straightforward 
and will be given elsewhere). It is apparent that Vqe(7^) 
is not superharmonic aX TZ = 1. In fact, its maximum 
repulsion occurs at 7^ = 3. In this case, the QE's do not 
display Laughlin correlations by avoiding the pair state 
with TZ — 1 (or, in the planar geometry, by having the 
Laughlin-Jastrow factor ni<j(-^i ~ ^j)"^ 
state wavefunction where Zj = Xj — iyj 
of the j*'' QE). Instead, they tend to form pairs with 
7?. = 1 in order to minimize the pair amplitude [l2l 
with 7?. = 3. Pairing at filling factor = 5/2 has been 
considered by others [13. [l^ based on the observation of 
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FIG. 1: (a) Interaction pseudopotentials Vqe{TZ) for a pair 
of QE's of the Laughlin = 1/3 state, calculated for up to 
A'' = 12 electrons on a spherical surface, (b) The leading 
QE pseudopotential parameters Vq^iTZ) for 7?. = 1, 3, and 5, 
plotted as a function of , inverse of the particle number. 
Extrapolation to A^"^ — > corresponds to an infinite planar 
system. 

an unexpected incompressible ground state. 

The pairs can be thought of either as Bosons or 
Fermions with pair angular momentum = 2/ — 1, since 
in two-dimensional systems Bosons (Fermions) can be 
transformed into Fermions (Bosons) by a CS transforma- 
tion [l^ Ir^ . For a system containing more than a single 
pair, the allowed values of the total angular momentum 
of two pairs must be chosen in such a way that the Pauli 
principle is not violated when accounting for identical 
constituent Fermions belonging to different pairs. This 
can be accomplished if different pairs are not allowed 
to approach too closely by requiring that the largest al- 
lowed value of the total angular momentum of two pairs 
(treated as Fermions) to be given by L' = 2lpp, where 

2?FP = 2(2? - 1) -7f(A^p - 1). (1) 

Here the simplest assumption of complete pairing is 
made, so that A^p = N/2 is the number of Fermion 
pairs (FP's), and 7f will be an odd integer (if the pairs 
were treated as Bosons 7b would equal 7f — !)• 7f 
is chosen so that the Fermion pair filling factor z^fp = 
(TVp — 1)/2/fp is equal to unity when the QE filling factor 
i/QE = {N — l)/2l is also equal to unity. This condition 
gives Ipp — 21 — 1 — |(iVp — 1) for the "effective" angular 
momentum of one FP and 

^FP - 4z.q1 - 3 (2) 

for large systems. This CS transformation automatically 
forbids states of two FP's with the smallest separation. 
The larger pair-pair separation causes the constituent 
QE's to avoid the largest repulsion at 7^ = 3. In addition, 
the transformation selects from 2?i(7V, /), the number of 
multiplets of total angular momentum L formed from 
N Fermions each with angular momentum /, a subset 

We expect pair formation for QE filling factor satis- 
fying 2/3 > i^QE > 1/3, where Laughlin-Jain states 



FIG. 2; (a) Low energy spectrum (energy £ as a function 
of total angular momentum L) of 10 QE's at 21 — 17 corre- 
sponding to i/QE — 1/2 and u = 3/8, obtained in exact di- 
agonalization in terms of individual QE's interacting through 
the pseudopotential shown in Fig.0 A is the magnetic length. 
The open circle at L = denotes a robust ground state, (b) 
Coefficient G{TV), the amplitude associated with pair states 
of relative pair angular momentum TZ, for the lowest L = 
state of 10 particles in a shell of angular momentum I = 17/2. 
The solid dots and open circles are obtained for the QE's 
(the u = 1/2 ground state marked in frame a) and electrons, 
respectively. 

[ill that avoid TZ = 1 would normally occur for a 
superharmonic potential. If we assume the FP's support 
Laughlin correlations, when their separations are large, 
then incompressible ground states would be expected at 
the Laughlin filling factors v-pp — 1/5, 1/7, and 1/9. 
From Eq. Q , these correspond to values of i/qe given by 
1/2, 2/5, and 1/3. For vi^p > 1/2 we make use of QE- 
QH symmetry and think of Fermion pairs of QH's giving 
I'QH = 1/2, 2/5, 1/3 and vqe = 1/2, 3/5, and 2/3. Only 
at these values of z/pp do we have Laughlin states of the 
Fermion pairs with i>qe in the required range. In the 
hierarchy scheme 2] describing partially filled CF levels, 
the original electron filling factor is given by 

1^-^ = 2 + [1 + (3) 

Here the 2 on the right hand side comes from the addi- 
tion of two flux quanta per electron in the original CS 
transformation on the electrons, and (1 -I- i'qe) is the CF 
filling factor. Hence, we find new incompressible states at 
V = 5/13, 8/21, 3/8, 7/19, and 4/11. All except the 7/19 
and 8/21 states have been observed. We are uncertain 
whether there is some reason why these two states do not 
occur, or if, because they have such large denominators, 
they are simply difficult to see and might be observed in 
future experiments. It could be that our simple model, 
which assumes complete pairing of all QP's, is not valid at 
every value of uqp (alternatively, partially paired states 
could be considered), or that a spin unpolarized state 
preempts pair formation. 

As an illustration we have performed an exact diag- 
onalization on a system containing = 10 QE's at 
/ — 17/2. This corresponds to i/qe = 1/2. The 
energy spectrum (Fig. |2K) obtained using the QE-QE 
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pseudopotential given in Fig. ^ shows a robust L = 
ground state and an excitation gap. The coefhcient 
g{n) = Y^L'a' \GL'a'i'R-)\'^ appropriate for the L = 
ground state is shown in Fig.j^b for the alfowed values of 
is the coefficient of fractional grandparent- 
age |a,lai0ll3i ^'^'i is a measure of the amplitude 
associated with pair states of relative pair angular mo- 
mentum TZ. For the purpose of comparison, the same 
results are shown for the L — state of a ten-electron 
system in the lowest Landau level, also at / — 17/2. The 
large decrease in g{TZ) at 7?. = 3 and increase at 7?. = 1 
in going from Ve{TZ) to Vqe(7?.) is clear evidence of the 
avoidance of pair states with TZ — 3 and the formation of 
pairs with 72. = 1 in the case of QE's. 

Rather than contradicting the assertion (TBI that the 
4/11 state (or ly = 4/13 state when z/qh = 1/5) cannot 
occur as an incompressible daughter state in the stan- 
dard CF hierarchy of Laughlin correlated QP states of a 
spin polarized system, the results of Pan et al. offer 
support for the idea of pairing of QP's at certain values 
of vqp . In contrast to the hierarchies of Laughlin corre- 
lated QP states, the pairing picture can account for in- 
compressible states in the lowest Landau level with even 
denominator fractional filling. We emphasize that sim- 
ple repetition of Laughlin correlations among daughter 
states p,p.l2(ij| containing CF QP's is not always appro- 
priate [iflj because of the form of Vqp{TZ). The proposed 
pairing of CF QP's gives rise to a new type of QP which 
in turn leads to a myriad of completely novel hierarchy 
states. 
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